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Abstract 

In this paper, we study complete hypersurfaces with constant mean curvature in 
anti-de Sitter space H™ +1 {— 1). we prove that if a complete space-like hypersurface 
with constant mean curvature x : M — > 1) has two distinct principal 

curvatures A, /i, and inf|A — fi\ > 0, then x is the standard embedding H m (— X) x 
H n - m {- T ^ p ) in anti-de Sitter space H[ l+1 (-1). 
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1 Introduction 

Let M" +1 (c) be an (n+l)-dimensional Lorentzian space form of constant curva- 
ture c. When c > 0, M" +1 (c) = (c), (n+l)-dimensional de Sitter space; When 
c = 0, M™ +1 (c) = L n+1 , (n+l)-dimensional Lorentz- Minkowski space; When c < 0, 
M" +1 (c) = H[ l+1 (c), (n+l)-dimensional anti-de Sitter space. A hypersurface M of 
M™ +l {c) is said to be space-like if the induced metric on M from that of the ambient 
space is Riemannian. 

The following well-known result of the Bernstein type problem for maximal space- 
like hypersurfaces in Mj 1+1 (c)(c > 0) was proved by Calabi [1], Cheng- Yau [2], and 
Choquet-Bruhat [6] 
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Theorem 1.1. pQ [2] Let M be an n-dimensional complete maximal space-like hyper- 
surface in an (n+l)-dimensional Lorentian space form M™ +1 (c)(c > 0), then M is 
totally geodesic. 

As a generalization of the Bernstein type problem, Cheng- Yau [2] and T. Ishihara 
[3] proved that a complete maximal space- like submanifold M n of M" +1 (c)(c > 0) is 
totally geodesic. In [3] T. Ishihara also proved the following result 

Theorem 1.2. j3j Let M be an n-dimensional (n > 2) complete maximal space-like 
hypersurface in anti-de Sitter space H™ +1 (— 1), then the norm square of the second 
fundamental form of M satisfies 

S < n, 

and S = n if and only if M n = H m (-f) x H n ~ m (-^), (1 < m < n - 1). 

In [4], Cao-Wei gave a new characterization of hyperbolic cylinder M n = H m (——) x 
H n ~ m (-^) in anti-de Sitter space #™ +1 (-l). 

Theorem 1.3. [1] Let M be an n-dimensional (n > 3) complete maximal space-like 
hypersurface with two distinct principal curvature A and fi in anti-de Sitter space 
H? +1 (-l). If inf(A - n) 2 > 0, then M n = H m (-^) x H n ~ m (-^), (1 < m < n- 1). 

In [4], Cao-Wei also held a conjecture. 
Conjecture: The only complete space-like hypersurfaces in Mj l+1 (c)(c < 0) with 
constant mean curvature and two distinct principal curvatures A and \x satisfying inf(A— 
fi) 2 > are the hyperbolic cylinders. 

In this paper we investigate complete space-like hypersurfaces in M™ +1 (— 1) with 
constant mean curvature and two distinct principal curvatures A and fi satisfying inf(A— 
fi) 2 > 0, and give an affirmative answer for the conjecture, and we have the following 
main theorem. 

Theorem 1.4. Let x : M ->■ be an n-dimensional (n > 3) complete space- 

like hypersurface in anti-de Sitter space H™ +1 (— 1) with constant mean curvature and 
with two distinct principal curvatures X, fi. If inf|A — /i| > 0, then x is the standard 
embedding H m (-^) x H n ~ m (- T ^ F j) in anti-de Sitter space H? +1 (-l). 

Much recently, however, Wu has more general results like 

Theorem 1.5. [10] The only complete space-like hypersurfaces in Lorentz-Minkowski 
(n+l)-spaces (n > 3) of nonzero constant mth mean curvature (m < n — 1) with two 
distinct principal curvatures A and fx satisfying inf(A — fx) 2 > are the hyperbolic 
cylinders. 

We should remind readers that Wu has used Otsuki's idea while we immediately use 
the maximum principle. So our proof is more natural and concise. In fact, Wu's results 
in [10] can be concluded from our method also. 
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2 Preliminaries 



Let x : M -> tf" +1 (-l) be an n-dimensional (n > 3) space-like hypersurface. Let 
ei, • • • ,e n be a local orthonormalbasis of M with respect to the induced metric, and 
,u) n their dual form. Let £ be the local unit normal vector field such that 

<£,0 = -i- 

Denote x\ = ei{x). Then we have the structure equations 



n 



dx = s ^uj i x i , dxi = ^2,UijXj + f)i£ + WjX, d£ = ^rjjXj. (2.1) 

i=l j=l i=l 

Denote f)j = Y^j=i ^ijOJj, from [2] we have hij = hy L . The curvature tensor can be 
expressed as Gauss equation 

Rijkl = —{hikhji - huhjk) - (S ik Sji - SuSjk). (2.2) 

And Codazzi equation is 

hijk = hihj, (2-3) 

where 

n n n 

Kjk^k = dhij + hkj^ki + ^2 hik^kj- (2.4) 

k=l k=l k=l 

The mean curvature of M is given by H = - ]TV ha. If H = 0, then M is said to be 
Maximal, and H = constant, then M is said to be of constant mean curvature. 
We can choose an appropriate orthonormal basis ei, ■ ■ ■ , e n such that 

where Aj are principal curvatures. 

If we suppose the hypersurface x has two distinct principal curvature and has con- 
stant mean curvature H, then choose an appropriate orthonormal basis ei, • • • , e n such 
that 

Ai = • • • = A m = A, A m +i = ■ ■ ■ = X n = fx, 

thus we obtain 

mA + {n — m)a = nH = constant, (2.5) 
Example 2.1. Hyperbolic cylinder 



M m , n _ m = # m (--) x -), (1 < m < n - 1). 



We know (see [3]) that M m) „_ m is a complete space-like hypersurface in H™ +1 (— 1) 
with constant mean curvature H and two distinct principal curvature A and fx, where 

1 1 

Ai = • • • = A m = — , \m+i = • • • = A r 



r vT 
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Thus M mn _ m have constant mean curvature H = ^ -\ — m n . 
Now we have to consider two cases. 
Case 1: 2 < m < n - 2. 

In this case we make use of the following convention on the ranges of indices: 

1 < i,j,k < m; m + 1 < a, ft, 7 < n; 1 < A, B < n. 

Proposition 2.1. Let x : M ->• H? +1 (-l) be an n-dimensional (n > 3) complete 
space-like hypersurface in anti-de Sitter space H™ +1 (— 1) with constant mean curvature 
and with two distinct principal curvatures . If the multiplicities of these two distinct 
principal curvatures are greater than one, then x is the standard embedding H m (—^) x 
# n ~ m (-I3^) in anti-de Sitter space H? +1 (-l). 

Proof. Letting i ^ j or a ^ ft in equation(2.4), there is 

^ hijA^A = dhij + ^2 hAjUAi + ^2 hiAUJAj = A(wjj + Wjj) = 0, 
A A A 

^ ^a^Wi = d/l aj g + ^ /l^OJylQ + ^2 haA^Ap = A(w Q( g + Ulp a ) = 0. 
A A A 

That is, when i / j and a ^ ft, we have /i^a = 0, /i^a = 0, VA 
By letting i = j or a = ft in equation(2.4), there is 

n n 

dX = huAUJA = hgjUJi + ^ h iia uj a ,Vi, (2.6) 

A=l o=m+l 

n n 

dfi='^2 h aa AUA = h aaa u: a + ^ h iaa uji, Va. (2.7) 
A=l i=l 

Since 2 < m < n — 2, equations (2.6) and (2.7) come to 

n n 

d\= ^2 h iia uj a ,du = ^2h iaa uji. (2.8) 

a=m+l i=l 

Since mX + (n — m)/x = n# = constant, we know that 

mdA + (n - m)dfi = 0. (2.9) 

Combining with equations (2.8) and (2.9), we get 

X = constant, fi = constant, hu a = 0, faj aa = 0, Vi, a. (2.10) 
Then we complete the proof of Lemma 2.1. 
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For any i and a in equation(2.4), we have 

n 

^] hiaA^A = huaUJi + hi aa UJ a = = (A — jj)0Ji a . 
A=l 

That is, 

w ia = 0,and (M, J) = {M l: h) x (M 2 , J 2 ). 

We assert that Mi,M 2 have constant curvature. For i ^ j and a / ft from equa- 
tion(2.2) the sectional curvature of {M\,I\) and (M 2 ,/ 2 ) is 

X"(ei A ei ) = ilij-ij = -1 - A 2 , if (e a A e p ) = R af}af} = -1 - (2.11) 

respectively. 

On other hands from K(ei A e a ) = Riaia = — 1 — A/U = 0. Then we know that 
when 2 < m < n — 2, x(M) is locally Lorentz congruent to the standard embedding 
H m {-^) x H n -™(-j±z) C H? +1 (-l). 

Thus we complete the proof of proposition. 

Case 2: m = n — 1. 

In this case we make use of the following convention on the ranges of indices: 

1 < i,j,k < n- 1;1 < A,B < n. 

From (2.5), we can suppose that 

(n - 1)A + n = nH, A — /x = n(A - H) 7^ 0. (2.12) 

Similarly, we have 

n-1 

hijA = 0,VA,i¥ : 3', d\ = hiiiUJi + h iin u n ,d[x = ^hi nn uJi + h nnn uj n ,Vi. (2.13) 

i=i 

Because n — 1 > 2, from equations (2.13) and (2.9), we get 

d\ = h iin uj n ,\/i; dfi = h nnn uj n , h inn = 0, hm = 0, Vi, ( 2 -14) 

Equation (2.11) comes to 

Win = T hiinUli = — - TTT^iin^i- (2-15) 

A — /i n(A — ii J 

And we assert that the integral curve of e n is a geodesic because 

n— 1 n— 1 ^ 

^ e„Cn = / j ^nii&n^i = ~ / T ha n LUi(e n ) 0. 

— A — LI 

i=l i=l ^ 
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We also have duj n = J27=i u ni A uji = 0. It means that there exists an arc parametric 
s of the integral curve of e n such that oj n = ds. Since M is complete, the arc s tends 
to infinity. 

If we denote / = ^ for any smooth function / = f(s) on the integral curve of e n , it 
follows from equation (2.14) that 

dX = Xds, hn n = A, Vi (2-16) 
From equations (2.15) and (2.16) it follows that 

Um = ^H)^ (2 - 17) 

Exploring into 

A n,—l ^ n 

dw in = d( , _ . Ui) = ^ ^ij A W i« ~ 2 R inAB^A A L0 B (2.18) 

n( - > j=l A,B=1 



and collecting the items of ojj A u n , we get 

A n + 1 (A) 2 



n(X-H) n 2 (X-Hf 



Rinin = -1 - A/i. (2.19) 



We introduce the following generalized Liouville-type theorem (see Choi-Kwon-Sun [5]) 
in order to prove our main theorem. 

Theorem 2.1. ([5]) Let M be a complete Riemannian manifolds whose Ricci curvature 
is bounded from below. Let F be any formula of the variable / with constant coefficients 
such that 

F(f) = c f n + ap- 1 + ■■■ + c k p~ k + c k+1 , 
where n > 1,1 > n — k > and cq > cu+i- If a C 2 -nonnegative function / satisfies 

A/>F(/), 

then we have 

F(h) < 0, 

where /i denotes the supermum of the given function. 



3 Proof of the main theorem 



In order to complete the proof of our main theorem, we only consider Case 2. At 
first, we prove the following key lemma 
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Lemma 3.1. Let x : M -»• #™ +1 (-l) be an n-dimensional (n > 3) complete space-like 
hypersurface in anti-de Sitter space H™ +1 (— 1) with constant mean curvature and two 
distinct principal curvatures . If one of two principal curvatures is simple, then Ricci 
curvature of M is negative semi-definite. 

Proof. From Gauss equation (2.2) and (n — 1)A + \i = nH we get that 

2 

Ric nn = (n - 1)[^ 2 - nil/x - 1] = (n - l)[(/z - ^H) 2 - (^H 2 + 1)], 

2 

= -( n - 1) - n#A + A 2 = (A - -#) 2 - ( — # 2 + n - 1), 1 < i < n - 1. 
Thus we have 

2 2 

Ricnn > -(n-l)(^H 2 + l),Ri Cii > -(^H 2 + n- 1),1 < i < n - 1, 

so Ricci curvature of M is bounded from below. 
From (2.14) we have 



A(A -H) = J> A e A - V eA e A )(X - H) = A 



(n- 1)A 



n(A-#)' 

from this above formula and (2.19) and (n — 1)A + n = nH we obtain 

A(A - H) = —(A) 2 , , 

V ; n w (3.1) 

+ n{n - 1)(A - F) 3 + n(n - 2)# (A - F) 2 - + # 2 )(A - H). 
We define the formula of the variable x with constant coefficients 

F(x) = n(n - l)x 3 + n(n - 2)Hx 2 - n(l + H 2 )x. 
Then Co = n(n — 1) > C3 = 0. From (3.1) we have 

A(A - H) = —(A) 2 + FiX -H)> F(\ - H). 
n 

If necessaries, take £ = — £ as local unit normal vector field of M, we can assume that 
X-H > 0. So 

sup(A - H)>0. (3.2) 
From generalized Liouville-type theorem [5] we have 

F(sup(X - H)) < 0. (3.3) 

From Gauss equation (2.2) and (n — 1)A + u = nH we get 

F(X — H) = n(X - H)R inm . (3.4) 



7 



From (3.2) and (3.4) we obtain 

(n - l)(sup(\ - H)) 2 + (n - 2)Hsup{\ - H) - (1 + F 2 ) < 0. (3.5) 

Let f(x) = (n — l)x 2 + (n — 2)Hx — (1 + i? 2 ), then lim x ^ OQ f(x) = +oo. 
Since A — H > and (3.5) we obtain 

f{\-H) < 0,i.e.,R inin < 0. (3.6) 

Thus from Gauss equation and (3.6) we get that 

R^Cii — ^ ^ ^ijij Rinin — 1 A ~t- Rinin — 0, 

RiCnn = ^ ^ Rinin = (jl l)i?j n j ra < 0. 

i 

Thus we complete the proof of Lemma 3.1. 
If we denote w = \X — H\~~ , it follows that 

W + wRinin = 0. (3.7) 

While 

Rinin = ^—rRnn = ~l ~ A/i, (n - 1)A + U = flH, A = H ± W _n , 

n — 1 

we have 

\u = H 2 ± (2 - n)Hw~ n + (1 - n)uT 2n , (3.8) 
* - u/[l + H 2 ± (2 - n)Hw' n + (1 - n)ur 2n ] = 0. (3.9) 

The left hand side of equation (3.9) multiplied by 2w is precisely the derivative of 
the left hand side of the following equation 

w 2 -w 2 [l + (H± w- n ) 2 } = C = constant. (3.10) 

Since w = —wRi n i n = —^jwR nn is positive, we know that w is monotone. Because 
inf | A — /j- | > 0, sup {w(s)| — oo < s < +00} is a bounded number. Then lim s ^ +00 w or 
lim s _ 5 ._ 00 w cannot be infinity. We assert that lim^oo w = 0. 

In fact, if we suppose that lim s ^ +00 w = a > 0, then lim s _;. +00 w = +00. Therefore 
we immediately know that equation (3.10) cannot hold when s tends to infinity. On 
the other hand, if we suppose that lim s ^ +OQ w = a < 0, then lim s _ 5>+00 w = — 00. 
But we know w > 0, which is a contraction. Therefore, lim s _ >00 w = 0. Adding the 
monotonicity of w, it follows that w = 0. That is, A is constant, and so as [i. Similar to 
the discuss in case 1, we know that when m = n — 1, x(M) is locally Lorentz congruent 
to the standard embedding iF 1 "^-^) x #!(-— L^) c H n+1 . 

Thus we complete the proof of Theorem 1.4. 

Acknowledgements: The author would like to express gratitude to Professor 
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